In this paper, a selected analysis of the dynamics in an example impact microactuator is performed through a combination of numerical simulations and local analysis. Here, emphasis is placed on investigating the system response in the vicinity of the so-called grazing trajectories, i.e. motions that include zero-relative-velocity contact of the actuator parts, using the concept of discontinuity mappings that account for the effects of low-relative-velocity impacts and brief episodes of stick-slip motion. The analysis highlights the existence of isolated co-dimension-two grazing bifurcation points and the way in which these organize the behaviour of the impacting dynamics. In particular, it is shown how higher-order truncations of local maps of the neargrazing dynamics predict and enable the computation of global bifurcation curves emanating from such degenerate bifurcation points, thereby unfolding the near-grazing dynamics. Although the numerical results presented here are specific for the chosen model of an electrically driven and previously experimentally realized impact microactuator, the methodology generalizes naturally to arbitrary systems with impacts. Moreover, the qualitative nature of the near-grazing dynamics is expected to generalize to systems with similar nonlinearities.
overcome the constraints on the magnitudes of actuation forces and stroke length of traditional actuators and could find use in a variety of applications where precise positioning is desired, such as microscopes, optical devices, nanoscale data storage and during microsurgery [1-3, 5, 13-15, 17, 18, 20, 22, 27] . In a couple of papers [7, 32] , the present authors have considered the nonlinear dynamics of an impact microactuator studied experimentally by Mita et al [20] . Here, vibro-impacting motion of an internal actuator element is used to initiate sliding events of the overall actuator that contribute on the order of hundredths of microns of displacement relative to the substrate. Through the use of suitable periodic excitation, controlled gross sliding may be generated for position control of a mechanical system connected to the actuator. Previous work has considered the nonlinear response of the Mita actuator to periodic excitation over narrow ranges in frequency space and, to a limited extent, in the immediate vicinity of the transition between nonimpacting and impacting behaviour. These studies have identified the central influence of low-velocity impacts on the bifurcations of the impacting dynamics and, consequently, on the design, function and control of impact microactuators.
In this paper, the Mita impact microactuator serves to illustrate three fundamental observations and techniques that pertain to the general study of discontinuity-induced bifurcations in systems involving vibration, impacts and friction. Firstly, this work establishes the use of the so-called discontinuity mappings to analyse the dynamics in the vicinity of grazing periodic trajectories in systems that combine impact and dry-friction discontinuities. Here, grazing contact refers to tangential contact between a state-space trajectory and a state-space discontinuity surface, for example, that resulting from zero-relative-velocity contact between moving components in an impacting mechanical system. In contrast to periodic trajectories in smooth systems, the local description in the vicinity of such grazing trajectories is well known to be non-differentiable with dramatic implications to the stability and persistence of the periodic motion under further parameter variations [10, 23] . As shown in [6, 7, 9, 11, 12, 21, 23, 24] , the local dynamics in the vicinity of a grazing trajectory can be analysed through the introduction of a discontinuity mapping that (i) captures the local dynamics in the vicinity of the grazing contact including variations in time-of-flight to the discontinuity and the impact mapping, (ii) can be entirely characterized by conditions at the grazing contact, (iii) is nonsmooth in the deviation from the point of grazing contact and (iv) can be studied to arbitrary order of accuracy. Properly formulated, the discontinuity mapping thus introduces the correction to the otherwise smooth dynamics that is due to the brief interaction with the discontinuity. Following [7] , in this paper, this technique is extended to include brief sliding episodes associated with low-relative-velocity impacts.
Secondly, this paper investigates the presence of degenerate bifurcation scenarios that are generic to a large class of vibro-impact oscillators with or without friction. In particular, the changes in the system response that result from variations in system parameters near a critical choice of values corresponding to the existence of a grazing periodic trajectory are known as grazing bifurcations and are examples of the general class of discontinuityinduced bifurcations. Grazing bifurcation scenarios associated with the transition between nonimpacting and impacting periodic orbits in a linear impact oscillator have been documented by a number of authors, for example, Nordmark [23] and Foale and Bishop [10] . Here, as shown by Foale and Bishop [10] , a combination of closed-form analysis and numerical simulations can be used to predict the existence of branches of period-doubling bifurcations and saddle-node bifurcations of post-grazing impacting periodic trajectories that emanate from isolated points of grazing bifurcation in parameter space. Indeed, such degenerate, co-dimension-two grazing bifurcation points serve to separate the characteristically different transition scenarios discussed above. Similar degenerate grazing bifurcations may be found in other vibro-impacting systems, such as the highly nonlinear impact microactuator mentioned previously. For example, in [7] , a co-dimension-two grazing bifurcation scenario is found that is qualitatively identical to that found in the linear impact oscillator case. In this paper, this sample scenario is shown to belong to a larger class of degenerate grazing bifurcations.
Thirdly, the present work illustrates how the concept of discontinuity mappings offers a way to analyse the near-grazing dynamics even when closed-form analysis, such as that used in the case of the linear impact oscillator, is not possible. In contrast to the latter example, the discontinuity-mapping approach captures the near-grazing behaviour through series expansions that, in practice, must be truncated at some arbitrary order. As shown by Nordmark [23] and Fredriksson and Nordmark [11, 12] , away from certain co-dimension-two grazing bifurcation points, lowest-order truncation may be effectively used to make rigorous claims as to the qualitative persistence of a local system attractor near the original grazing periodic trajectory under variations in system parameters. These authors further argue that the degeneracy associated with a co-dimension-two grazing bifurcation point requires that higher-order truncations be used to capture the near-grazing dynamics. Quantitative studies of the near-grazing dynamics of the linear impact oscillator using the lowest-order truncation of the discontinuity mapping have been reported by, for example, Chin et al [4] and de Weger et al [8] . As suggested above, this analysis fails to capture the near-grazing dynamics on an open neighbourhood of the co-dimension-two bifurcation points. Indeed, in Chin et al [4] , due to a rescaling assumption, the analysis only applies to one side of the co-dimension-two bifurcation point found by Foale and Bishop [10] . In the present paper, higher-order truncations are used to qualitatively and quantitatively capture the near-grazing dynamics in the vicinity of the selected co-dimension-two grazing bifurcation points. In particular, it is shown how the discontinuity-mapping approach can be used to analytically predict the presence of bifurcation curves for the impacting dynamics emanating from the co-dimension-two bifurcation points. Moreover, it is shown that this quantitative information may serve as a basis for numerical continuation algorithms to map out the bifurcation curves away from the near-grazing region.
The paper is organized as follows. Section 2 reviews the piecewise-smooth formulation of the mathematical model of the impact microactuator. The smooth dynamics of the actuator in the absence of impacts are briefly studied in section 3 to guide the development of the neargrazing analysis. Section 4 considers the dynamics of the actuator in the vicinity in parameter space of parameter values corresponding to zero-impact-velocity periodic orbits. Specifically, a local nonsmooth analysis is combined with numerical continuation techniques to map out the near-grazing and global behaviour of the selected bifurcation curves for the impacting dynamics. A concluding discussion is presented in section 5.
Mathematical model
Due to strong nonlinearities originating in electrostatic actuation, impacts and stick-slip phenomena, the overall dynamics of impact microactuators are complicated and exhibit a variety of bifurcations including grazing bifurcations and chatter (see [7, 32, 33] ). This section reviews the mathematical model of the Mita impact microactuator [20] used in the theoretical and numerical analyses below. For a more detailed discussion, see [7, 32, 33] . Figure 1 shows a schematic two-degree-of-freedom model of the impact microactuator. Here, impulsive forces are generated as electrostatic actuation results in collisions between a silicon micromass (represented by a movable block of mass m 2 ) and two stoppers. Specifically, the silicon micromass serves as one in a pair of electrodes across which a time-varying voltage is applied. The other electrode and the stoppers are, in turn, rigidly fixed to a frame that rests [20] impact microactuator. Reprinted from [32] with permission from the publisher.
on a horizontal substrate and is allowed to slide relative to the substrate. When a driving voltage V (t) is applied between the electrodes, the movable block is accelerated toward the stoppers until an impact occurs with the stoppers. In the analysis below, it is assumed that the impact impulse is large enough to overcome the static friction between the frame and the substrate for all impact velocities. As a result, an impact produces a small displacement of the frame. When a periodically varying voltage is applied, repeated impacts produce a desired displacement over some period of time.
Let the silicon micromass be connected to a frame of mass m 1 through a linear spring and damper. Friction between the frame and the ground is modelled using Coulomb friction during slip and Amonton's law during stick. Here, the coefficient of static friction is denoted by µ s and that of dynamic friction by µ d . The dynamics of the microactuator can then be decomposed into distinct phases separated by the occurrence of impacts and the associated onset of slip as well as the subsequent cessation of slip through an instantaneous transition to stick. Specifically, we introduce the state vector
where q 1 and u 1 are the displacement and velocity, respectively, of the frame relative to the ground; q 2 and u 2 are the displacement and velocity, respectively, of the movable block relative to the frame and θ = ωtmod2π is the phase of the sinusoidally varying driving voltage V (t) = V amp sin(ωt). During stick, the equations of motion can then be written as
Here, α = (1/2) 0 A, where 0 is the permittivity of free space, A is the overlap area and d is the zero-voltage gap between the electrodes. These equations of motion are valid as long as
and
where N is the normal reaction from the ground. We assume that gravity is the only external force, in which case N = (m 1 + m 2 )g, where g ≈ 9.81 m s −2 is the acceleration of gravity. During slip, the equations of motion can be written as
where
and we use the upper sign when u 1 > 0 and the lower sign when u 1 < 0. Again, the corresponding equations of motion are valid as long as
At the moment that contact is established between the movable block and the stoppers, h front (x) or h back (x) equals zero. Since impacts only occur when the relative displacement between m 1 and m 2 equals δ, i.e. q 2 = ±δ, there is no drift of the impact surface in the state space (in contrast to vibro-impacting systems with drift, see [25] ). Assuming an inelastic collision with a coefficient of restitution e and using conservation of momentum, the relation between the state immediately after impact to the state immediately prior to impact is given by the jump map
The transition from slip to stick occurs as the velocity of the frame relative to the ground becomes zero, i.e. as h slip (x) equals zero. Although there is a discontinuous change in the vector field as a result of this transition, there is no associated instantaneous change of state, i.e.
As seen from the above equations of motion, since the forcing term is always in the positive direction, the oscillatory motion of the movable mass is shifted in the direction of positive values of q 2 . It follows that, under increasing values of V amp , impacting motions that impact with q 2 = δ will occur before impacting motions that impact with q 2 = −δ. Here, we focus on recurrent motions that only impact with q 2 = δ and, consequently, for which the relative velocity between the frame and the substrate is positive during sliding episodes. For symmetric impacts between two stoppers, we refer the readers to the work of Shaw [29, 30] and Kleczka et al [16] .
In 
Nonimpacting dynamics
In order to understand the occurrence of grazing bifurcations and subsequent impacting dynamics, it is necessary to investigate the smooth, nonimpacting dynamics of the movable mass. To this end, ignore for the time being the presence of the stoppers and assume that the frame remains stationary with respect to the ground. The system response is then solely governed by equation (2) . The only limit on the observed motion is the snap-through of the movable electrode to the fixed one, also known as dynamic pull-in [28, 31] .
Periodic orbits
When the driving voltage is low, it is easy to show through a perturbation analysis that a unique small-amplitude periodic orbit exists and is stable to small perturbations in the initial conditions. Moreover, this orbit has the same period as that of the forcing term (note that the voltage input appears as squared in the forcing term, i.e. the angular frequency of the forcing term equals 2ω). To visualize the bifurcation behaviour of the periodic orbit under variations in system parameters, consider intersections of the system attractor with a Poincaré section P corresponding to the zero-level surface of the event function h P (x) = u 2 for u 2 decreasing. By construction, such intersections correspond to local maxima in the displacement q 2 along system trajectories. Figure 2 shows some example voltage-response scenarios for discrete choices of ω obtained through numerical continuation of periodic system attractors. Here, the variation in the maximum positive displacement of the movable mass from its neutral position is plotted against the variation in the amplitude of the applied voltage. Since the position of the fixed electrode is normalized to be 1, the maximum displacement must be less than 1. When the maximum displacement is near 1, numerical continuation becomes difficult due to the proximity of the periodic orbit to the basin of attraction of the snapped-through equilibrium.
We note that each panel in figure 2 shows at least one saddle-node bifurcation. A pair of period-doubling bifurcations is encountered in panels (b), (c) and (d). Panels (c) and (d) show multiple saddle-node bifurcations; thus multiple stable periodic motions coexist over certain ranges of ω. We further note that the left and right period-doubling bifurcations in panels (b) and (d) are subcritical and supercritical, respectively, while both period-doubling bifurcations in panel (c) are supercritical.
When the periodic orbit passes through a saddle-node bifurcation or a subcritical perioddoubling bifurcation, the system dynamics either jumps to another attractor through transients or evolves to dynamic pull-in [28, 31] . When the stoppers are reintroduced, the absence of a nonimpacting system attractor with maximum positive displacement less than 1 will result in repeated impacts between the movable mass and the stoppers. Figure 3 shows selected segments of bifurcation curves of nonimpacting periodic orbits with a single point of intersection with P. Each curve is followed from its birth until the oscillation amplitude equals to 0.95. The rightmost saddle-node curve is born at ω = ∞. We note that the birth of bifurcations and their general patterns repeat for smaller ω. Since the stoppers are placed at δ = 0.5, a periodic orbit with amplitude equal to 0.5 is a grazing periodic orbit. Indicated as circles in figure 3 are points, where a grazing bifurcation occurs simultaneously with a saddle-node or a period-doubling bifurcation. Although such co-dimension-two bifurcations are associated with nontrivial near-grazing dynamics (see, e.g. [7] ), these points will not be discussed further here. 
Grazing curve in parameter space
We return to the full dynamics of the microactuator, i.e. with stoppers attached to the frame. For notational convenience, consider the following definition
+ experience an instantaneous jump to D − (as the incoming velocity u 2 > 0 is changed to an outgoing velocity −eu 2 < 0). By a grazing periodic trajectory, we refer to a periodic trajectory on which there exists a locally unique point x * ∈ D 0 , since such a trajectory experiences no jump in state upon reaching D. As discussed in Zhao et al [32] , we can use a Newton method to numerically locate parameter values for ω and V amp for which grazing periodic trajectories exist. Figure 4 shows the grazing curve = {(ω, V amp )|V = V * amp , such that ∃ period-1 nonimpacting grazing trajectory} for the range of 0.1 ω 1.0 in parameter space. Every choice of parameter on thus corresponds to the existence of a grazing nonimpacting periodic trajectory of the fundamental period of the forcing term.
Intersections of with bifurcation curves for the nonimpacting dynamics correspond to changes in stability of the grazing periodic orbit (cf circles in figure 3 representing periodic orbits of amplitude 0.5). For example, while the nonimpacting periodic grazing orbits corresponding to the extreme right part of the curve are unstable, the grazing orbit becomes stable as ω is reduced past ω ≈ 0.908 where intersects a saddle-node bifurcation curve of the nonimpacting dynamics. Further changes in the stability of the grazing orbit are associated with the intersections of with a supercritical period-doubling bifurcation near ω ≈ 0.693, a subcritical period-doubling bifurcation at ω ≈ 0.613 and a saddle-node bifurcation at ω ≈ 0.481. The dynamics near the latter bifurcation point have been previously reported by Zhao et al [32] and studied in detail by Dankowicz and Zhao [7] .
As can be seen more clearly in the enlargement of shown in figure 5 , the grazing curve repeatedly switches direction with multiple critical values of V * amp values coexisting over ranges of values of ω. This corresponds to the coexistence of multiple grazing orbits for a single value of ω, as can be seen from the voltage-response curve of ω = 0.22 in figure 2(d) . This switchback behaviour appears near superharmonic resonances. The enlarged plot of the extreme right peak reveals that period-doubling and saddle-node bifurcations occur over a very small range of ω. Such bifurcations also occur near the peaks of other superharmonic resonances, where 2ω = (ω 0 /n) and ω 0 = 1 is the normalized natural frequency.
Grazing bifurcations

Local map
We now consider recurrent dynamics of the impact microactuator on some neighbourhood in parameter space of an arbitrary point on the grazing curve . Following the methodology in Dankowicz and Zhao [7] , we again choose to visualize the system response using the Poincaré section P corresponding to the zero-level surface of the event function h
As discussed above, in the absence of impacts, points on P correspond to local maxima in the value of q 2 along system trajectories (sinceq 2 = u 2 ). In the presence of impacts, trajectories that reach D + jump across P without intersecting P. We represent such crossings by the virtual point of intersection with P of the corresponding forward trajectory segment in the absence of the jump in velocity, as suggested in figure 6 .
In the absence of impacts, incoming and outgoing trajectory segments in the vicinity of the grazing trajectory intersect P in unique points, in such a way that the corresponding points coincide for a particular time history. Allowing for virtual intersections with P in the presence of impacts, as proposed above, it again follows that incoming and outgoing trajectory segments in the vicinity of the grazing trajectory intersect P in unique points. Now, however, the points of intersection corresponding to a particular time history will not coincide. Instead, a glueing procedure can be introduced to map the intersection with P of the incoming trajectory segment with that of the corresponding outgoing trajectory segment. As will be seen below, such a procedure has obvious analytical purposes but is also of conceptual importance to the analysis of the near-grazing dynamics. By its construction, it contains all the necessary information about the changes in the flow that are due to the brief interaction with the discontinuity. Any changes in the local persistence and stability properties of particular system responses due to low-velocity impacts can thus be inferred from a study of the outcome of the glueing procedure and the corrections it adds to the nonimpacting dynamics. The nonimpacting trajectory reaches its local maximum in q 2 at the intersection. The impacting trajectory reaches P virtually by neglecting the existence of the discontinuity surface D. Reprinted from [7] . Copyright (2005), with permission from Elsevier.
Following these observations (see also Dankowicz and Zhao [7] ), we wish to associate a Poincaré mapping P with the Poincaré section P introduced above. Ignore, for a moment, the jump map associated with the discontinuity D and assume that the dynamics is governed entirely by the vector field f stick and constrained to a constant-q 1 slice of the submanifold S corresponding to the zero-level surface of the event function h S (x) = u 1 is the smooth flow corresponding to the vector field f stick . Here, the latter condition corresponds to the requirement that u 2 is decreasing, i.e. that the acceleration of the movable mass relative to the frame is negative. Then, as shown in Dankowicz and Zhao [7] , a smooth Poincaré mapping P smooth can be defined on a neighbourhood of (
where the smooth function τ (x, ω, V amp ) is the time of flight from x back to P, such that
If we reintroduce the nontrivial jump map g impact associated with D, the above expression is still valid as long as h
we again define the Poincaré mapping by the above formula but include an initial correction to account for the virtual nature of the initial point x for the impacting flow. To this end, consider the Poincaré mapping P defined by
where the discontinuity mapping D : P → P maps x to some point on P in such a way that the subsequent dynamics respects those of the corresponding actual trajectory (for more discussion of the concept of discontinuity mappings and their derivation, see also [6, 9, 11, 21, 23] ). Here S stands for the stick manifold, D is the discontinuity surface and P is the Poincaré section. We note that S, D and P are all four-dimensional hypersurfaces in a five-dimensional space. Reprinted from [7] . Copyright (2005), with permission from Elsevier.
Restrict attention to points x ∈ P ∩ S near x * ∈ P ∩ S ∩ D, where x * corresponds to the point of tangential contact of a grazing periodic orbit with the discontinuity surface D for some frequency ω * and an associated amplitude V * amp . To arrive at an expression for D, consider the trajectory segments shown in figure 7 . Here, an incoming trajectory (solid) in S governed by the vector field f stick reaches the discontinuity surface D at a point x in ∈ D + , experiences a jump to a point g impact (x in ) ∈ D − , flows under the vector field f slip+ until reaching the stick manifold S at a point x out and then continues to flow in S under the vector field f stick . The dashed trajectory segments correspond to a flow in S governed by the vector field f stick from x in forward in time until reaching P at a point x 0 ; and from x out backward in time until reaching P at a point x 1 . The sought correction to the smooth flow given by Φ stick is then obtained by mapping x 0 to x 1 , as this correctly accounts for the effects of the jump map and the subsequent sliding episode.
Thus, given an initial point x ∈ P, such that h D (x) > 0, we define D as the composition of the following steps:
(i) flow for a time t 1 < 0 with the vector field f stick until reaching D;
(ii) apply the jump map g impact ; (iii) Flow for a time t 2 > 0 with the vector field f slip+ until reaching S; (iv) Flow for a time t 3 < 0 with the vector field f stick until reaching P. For general forms of the event functions h D , h P and h S and under certain conditions on the properties of the vector field and the functions h D , h P and h S on a neighbourhood of x * , the analysis in Dankowicz and Zhao [7] employs the implicit function theorem to derive series expansions for the flow times t 1 , t 2 and t 3 and for the corresponding points on D, S and P in terms of the deviations x = x − x * , ω = ω − ω * and V amp = V amp − V * amp . Combining the resulting expansions, we get
where (23) and
and the absence of an argument indicates evaluation at x = x * , ω = ω * and V amp = V * amp . Here, the discontinuity mapping includes contributions from low-velocity impacts as well as from the short slip episodes that result from the impacts.
From the definition of β, it follows that β is tangential to P, D and S. Indeed, it is straightforward to show that h
* ) and h D ,x ·g impact,x ·f stick | x * = 0 (since g impact maps D to itself and equals the identity on D 0 ) imply that h D ,x · β = 0 (this is a universal property of impacting mechanical systems (see Nordmark [19] )). It follows that the first nontrivial correction in the discontinuity mapping is tangential to P ∩ S ∩ D. Specifically, after some algebraic manipulations, one finds that, when h
where O(nt) refers to terms of the form ( q 2 t) 4 , for which n 1 + n 2 + n 3 + n 4 = n. Thus, to the lowest order, the discontinuity mapping introduces a correction only in the phase θ.
While P smooth results in no change in q 1 , the inclusion of the jump mapping g impact and the associated sliding episode yields a discrete change in q 1 described by the discontinuity mapping D and, consequently, by the composite Poincaré map P. As the system is invariant under variations in q 1 and as, for low-velocity impacts P(x) ∈ P ∩ S, we consider below the reduced system obtained by restricting attention to the third and fifth components of P.
Near-grazing dynamics
A periodic impacting orbit near the grazing orbit with one impact per period corresponds to a fixed point of the composite Poincaré map P. To obtain an analytical expression for the location of such a fixed point in terms of ω and V amp , consider the introduction of a small parameter ε 1, such that ω and V amp are both O(ε). Now suppose that P q 2 smooth,θ (x * ) is nonzero and O(1). As shown in appendix A, it follows that there is a locally unique fixed point near x * on one or the other side of the grazing curve depending on the sign of P q 2 smooth,θ (x * ) (cf figures 8(a) and (b)).
, the analysis in appendix A shows that there is either a locally unique fixed point on one side of the grazing curve and no fixed point on the other side or a locally unique fixed point on one side of the grazing curve and a pair of fixed points on some neighbourhood of the grazing curve on the other side (cf figures 8(c) and (d) smooth,θ (x * ) may be computed from the nonimpacting dynamics, it is possible to identify various co-dimension-two grazing bifurcation points on the grazing curve in the parameter space, as shown in figure 9 .
Local analysis of co-dimension-two bifurcations
Consider the co-dimension-two grazing bifurcation point corresponding to ω * ≈ 0.613 650 and V * amp ≈ 0.581 634 (indicated as the second star from the left in figure 9 ), for which the corresponding grazing orbit is given by 
Here, µ represents a combination of the parameters V amp and ω, such that µ = 0 corresponds to the grazing periodic orbit. Without loss of generality, it is assumed here that nonimpacting orbits reside on the side of µ < 0.
Figure 9.
Grazing curves in parameter space with co-dimension-two grazing bifurcations denoted by stars. Here, P1 refers to a branch of period-1 grazing orbits, P2 refers to a branch of period-2 grazing orbits, stable orbits are denoted by solid lines, unstable orbits are denoted by dashed lines, SN denotes a saddle-node bifurcation and PD denotes a period-doubling bifurcation.
Here, the dot in the first component of x * indicates that it is arbitrary, since the value of q 1 does not influence the system dynamics as can be seen from the equations of motion in the previous section. Numerical integration reveals that the transition between nonimpacting and impacting differs between the two sides of the co-dimension-two bifurcation point, as shown in figure 10 .
Following the methodology in the previous section, we study bifurcations in the vicinity of the co-dimension-two bifurcation point at ω cod2 ≈ 0.613 650, using both O(1) and O(2) truncations of the discontinuity mapping (and the associated composite Poincaré mapping). For both ω < ω cod2 and ω > ω cod2 , the O(1) truncation predicts a bifurcation diagram similar to that shown in figure 10(a) . This verifies the degeneracy of the O(1) truncation. On the other hand, using the O(2) truncation, the predicted bifurcation diagrams agree with those obtained from numerical simulations of the original differential equations on both sides of the Figure 10 . Schematic bifurcation scenarios associated with the switching between impacting motions (black) and nonimpacting motions (grey) at both sides of the co-dimension-two bifurcation point (G = grazing contact, PD = period-doubling bifurcation, and SN = saddle-node bifurcation). Here, ω cod2 ≈ 0.613 650. Solid curves correspond to stable periodic motions and dashed curves to unstable periodic motions. We note that the unstable periodic orbit in both (a) and (b) continues to the left when V amp is reduced further. The orbit undergoes a saddle-node bifurcation and becomes stable at a voltage far away from V * amp . This bifurcation point is not included in the sketch, since it is not a local behaviour. Figure 11 . Collection of bifurcation curves in the parameter space in a neighbourhood of the co-dimension-two point: (a) ω cod2 ≈ 0.613 650 and (b) ω cod2 ≈ 0.487 809. Here, the solid line represents the locus of grazing bifurcations predicted from the map, while triangles correspond to grazing bifurcation points obtained from numerical simulation. Moreover, the dashed line represents the locus of period-doubling bifurcations predicted from the map, while circles correspond to period-doubling bifurcation points obtained from numerical simulation. Finally, the dotted line represents the locus of saddle-node bifurcations predicted from the map, while the plus signs correspond to saddle-node bifurcation points obtained from numerical simulation.
co-dimension-two point. Indeed, the O(2) truncation accurately captures the saddle-node and period-doubling bifurcation curves emanating from the co-dimension-two bifurcation point, as shown in figure 11(a) . Moreover, the O(2) truncation accurately captures the nearby perioddoubling bifurcation at ω ≈ 0.613 93 as well as the existence of a period-2 grazing orbit and the period-doubling bifurcation curve for the nonimpacting dynamics. As seen in figure 9 , there is another co-dimension-two bifurcation at ω cod2 ≈ 0.487 809 (indicated as the extreme left star in figure 9 ). This has been studied in previous papers [7, 32] . The switching between impacting motions and nonimpacting motions are similar to those for a linear impact oscillator as found numerically by Foale and Bishop [10] . Again, the O(2) truncation accurately captures the saddle-node and period-doubling bifurcation curves emanating from the co-dimension-two bifurcation point, as shown in figure 11(b) .
Global analysis of co-dimension-two bifurcations
Figures 11(a) and (b) show that saddle-node and period-doubling bifurcation curves emanate from the co-dimension-two bifurcation points at ω respectively. The global extensions of these curves obtained by parameter continuation are shown in figure 12 . The saddle-node bifurcation curves emanating from ω To understand the significance of the bifurcation curves in figure 12 , a global bifurcation study is necessary. For example, a voltage-response curve for ω = 0.56 is shown in figure 13(a) . Note that when the impact velocity of a trajectory is sufficiently high, the trajectory snaps through to the fixed electrode in the absence of the stoppers. Such a trajectory would thus not intersect the previously defined Poincaré surface P. To appropriately represent such trajectories, we plot variations of the maximum negative displacement under changes in voltage amplitude. Here, as depicted in figure 8(a) , a branch of stable nonimpacting periodic orbits and a branch of unstable impacting periodic orbits emanate on the same side from the grazing bifurcation point at V * amp ≈ 0.532. The impacting motion becomes stable through a saddle-node bifurcation at V figure 12 ). Another voltage-response curve for ω = 0.65 is shown in figure 13(b) . Here, as depicted in figure 8(b) , a branch of unstable nonimpacting periodic orbits and a branch of unstable impacting periodic orbits emanate on opposite sides from the grazing bifurcation point at V * amp ≈ 0.594. The nonimpacting periodic orbit becomes stable in a period-doubling bifurcation for V amp ≈ 0.55 (cf figure 9) . On the other hand, the impacting periodic motion becomes stable through a period-doubling bifurcation at V amp ≈ 0.601. The impacting periodic motion subsequently undergoes a pair of saddle-node bifurcations at V amp ≈ 0.602 and V amp ≈ 0.489, respectively. Here, the left saddle-node point in figure 13(b) corresponds to the saddle-node point in figure 13(a) , which originates in the co-dimension-two grazing bifurcation at ω cod2 ≈ 0.487 809 (left star in figure 12) . Similarly, the right saddle-node point in figure 13(b) originates in the co-dimension-two grazing bifurcation at ω cod2 ≈ 0.613 650 (the right star in figure 12 ). As indicated in figure 12 , the two saddle-node points in figure 13 (b) approach and annihilate each other as the excitation frequency increases. Since figures 13(a) and (b) show the coexistence of multiple stable orbits, one would encounter hysteresis phenomena under the variations of excitation voltage.
General phenomenology
The numerical results reported in the previous sections are representative of a broad class of impacting mechanical systems, possessing similar nonlinearities and with or without friction, although the specific quantitative details naturally refer to the example actuator considered here. The discontinuity mapping derived above correctly accounts for low-velocity impacts and an accompanying brief episode of the sliding motion. As in the study of forced single-degreeof-freedom impact oscillators, the resultant map is essentially two-dimensional. Indeed, the discontinuity mapping has the generic form found for impact oscillators near grazing, since the square-root singularity of the discontinuity mapping is a universal property of systems with discontinuous states or vector fields [9] . As a result, the analysis of the co-dimension-one and co-dimension-two bifurcations are not restricted to the impact actuator. Observations made here regarding the near-grazing dynamics thus apply to a large class of systems.
Similar conclusions may be drawn regarding the unfolding of co-dimension-two grazing bifurcations as discussed here. Indeed, the bifurcation diagram shown in figure 11 (b) agrees qualitatively with that shown in Foale and Bishop [10] . Moreover, in addition to the two sample unfoldings shown here, several distinct and previously unreported unfoldings have been found for the impact actuator as well as the linear impact oscillator considered in [10] .
Finally, the notion that bifurcation curves emanating from the co-dimension-two bifurcation points serve to organize the global impacting dynamics has also been confirmed for other regions of parameter space in the case of impact actuator as well as the linear impact oscillator. As shown here, such global analysis for systems with similar grazing singularities may be undertaken through continuation analysis of the bifurcation curves predicted using the discontinuity mapping technique.
Conclusions
The analysis in previous sections has employed a combination of numerical techniques and local analysis near periodic grazing trajectories to analyse the near-grazing dynamics of the Mita impact microactuator. Although the numerical results reported above specifically relate to the Mita actuator, the methodology is easily modified to apply to arbitrary impacting systems. Moreover, the qualitative nature of the near-grazing dynamics is expected to generalize to systems with similar nonlinearities.
A particular contribution of this work is a selective description of the bifurcation behaviour of the nonimpacting and impacting dynamics of the microactuator and, specifically, the way in which co-dimension-two grazing bifurcation points serve to organize the bifurcation curves of the impacting dynamics. In addition to providing a basis for the understanding of the neargrazing dynamics, the analysis of the nonimpacting dynamics also establishes properties of the dynamic pull-in phenomenon in MEMS devices whose actuating part is modelled as a mass-spring-damper oscillator.
The discovery of an additional grazing curve for period-one impacting orbits with one impacting and one nonimpacting loop per period opens up an opportunity for further study of the impacting dynamics. Indeed, the analysis of the near-grazing dynamics in the vicinity of this secondary grazing curve is expected to follow the same lines of reasoning as in the present discussion. We conjecture the existence of tertiary grazing curves with period-one impacting orbits with two impacting and one nonimpacting loop per period and so on. Of course, additional grazing curves are also likely to exist for period-two impacting orbits and so on. The accumulation of additional impacting loops for period-one motions is expected to be associated with the phenomenon of chattering. This is a topic that we hope to pursue in a further publication.
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